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Abstract

This paper proposes a new direct solution to the perspective-three-point (P3P) prob-
lem based on an algebraic approach. The proposed method represents the rotation ma-
trix as a function of distances from the camera center to three 3D points, then, finds
the distances by utilizing the orthogonal constraints of the rotation matrix. The formu-
lation can be simply written because it relies only on some simple concepts of linear
algebra. According to synthetic data evaluations, the proposed method gives the second-
best performance against the state-of-the-art methods on both numerical accuracy and
computational efficiency. In particular, the proposed method is the fastest among the
quartic-equation based solvers. Moreover, the experimental results imply that the P3P
problem still has an arguable issue on numerical stability regarding a point distribution
and a camera pose.

1 Introduction

The perspective-three-point (P3P) problem, also known as the absolute camera pose estima-
tion problem, is one of the most classical and fundamental problems in computer vision that
determines the pose of a calibrated camera, i.e. the rotation and the translation, from three
pairs of 3D point and its projection on the image plane. Since Grunert [7] gave the first so-
lution in 1841, the P3P problem has been widely investigated [5, 6, 8] and extended to more
complex camera pose estimation problems, e.g. for least squares case with n points (the PnP
problem [9, 12, 14, 19]), for uncalibrated cameras with unknown internal parameters such
as focal length or lens distortion (the P3.5P [17], P4P[1, 3], P5P [4], PnPf [15, 18], and
PnPfr [15] problems).

Classical methods for the P3P problem [6, 8] consist of two steps: first, find the dis-
tances between the camera center and the given three 3D points; then, estimate the camera
pose by solving an alignment problem of two triangles. The first step formulates a quartic
equation with respect to one of the three distances by eliminating the other two based on the
law of cosines. After finding the roots of the quartic equation, the second step solves the
alignment problem, which is a rigid transformation between two triangles, by using a 4×4
eigenvalue decomposition or 3× 3 singular value decomposition. Due to operations of the
matrix decomposition, the numerical accuracy of the final solution becomes low despite its
time-consuming processing.
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Figure 1: The perspective-three-point problem.

To overcome the above issue, direct methods, which do not require to solve the align-
ment problem, have been proposed. We can classify those direct P3P solvers into two cat-
egories depending on their mathematical derivation: geometric approaches and algebraic
approaches. Based on geometric constrains, Kneip et al. [11] gave the first direct method
that is faster and more numerically stable than a classical method by Gao et al. [6]. Inspired
by the success of Kneip et al., Masselli and Zell [13] and Ke and Roumeliotis [10] also pro-
posed a direct method by utilizing different geometric constraints, respectively. On the other
hand, Banno [2] derived an algebraic approach that represents the camera pose as a linear
combination of three nullspace vectors, whose coefficients coincide with the three distances.
Persson and Nordberg [16] recently showed that the classical distance based equation can be
solved by a cubic polynomial, which is an elliptic equation of rank 2.

Those direct methods achieve around 10−13 numerical error in a few microseconds of
computation time on C++ implementation. One may think that the P3P problem has been
improved enough on accuracy and efficiency for practical use. However, we believe that
exploring more compact algorithms can contribute to not only the P3P problem itself but also
other geometric problems in both theoretical and practical aspects because the P3P problem
is one of the most basic problems in computer vision.

The new direct method proposed in this paper belongs to the second category, which is
based on an algebraic approach. Similarly to Banno [2], we directly formulate the rotation
matrix as a linear representation of the distances. However, our derivation is simpler that
can be written in a closed form without using a computer algebra system, unlike Banno’s
method. Due to less computational operations, the proposed method outperforms the state-
of-the-art methods solving a quartic equation in terms of computational efficiency by 12%
to 50% while maintaining comparable numerical stability with the cubic-equation method.

2 Perspective-Three-Point (P3P) Problem

This section briefly describes the P3P problem, which is illustrated in Fig. 1. Let Xi be an
i-th 3D point and mi be the corresponding 2D point on an image projected by a calibrated
camera with a rotation matrix Rw and a translation tw with respect to the world coordinate
system. A 2D point is represented as a 3×1 homogeneous vector such that ‖mi‖ = 1. The
projective transformation between Xi and mi can be written by

di mi = Rw Xi + tw, (1)
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where di represents the distance between the 3D point and the camera center. Note that di,
also called the projective depth, is not always equivalent to the real distance because mi is
normalized and Eq. (1) holds with an arbitrarily scaling, i.e. dimi = (di/s)(smi). The P3P
problem is to determine the rotation matrix Rw and the translation tw if three point pairs,
{X1,m1}, {X2,m2}, and {X3,m3}, are given.

3 Proposed Solution

3.1 P3P Problem in intermediate coordinate system

Without loss of generality, we can consider the P3P problem in an intermediate coordinate
system centered on the given 3D points. For the new coordinate system, we assume a similar
condition used in the existing methods of Kneip et al. [11] and Banno [2], where the first 3D
point is set to be the new origin, the second 3D point is on the new x-axis, and all points lie
on the same plane, z = 0. New 3D points X′i, i ∈ {1,2,3}, satisfying the above condition can
be given by the following transformation:

X′i = NT(Xi−X1) → X′1 =

0
0
0

 , X′2 =

a
0
0

 , X′3 =

b
c
0

 , (2)

where

N= [nx, ny, nz] , nx =
X2−X1

‖X2−X1‖
, nz =

nx× (X3−X1)

‖nx× (X3−X1)‖
, ny = nz×nx,

a = ‖X2−X1‖, c > 0,
√

b2 + c2 = ‖X3−X1‖.
(3)

Since N is an orthogonal matrix, i.e. NNT = NTN = I, the rigid transformation between
the new and the original coordinate systems can be written by

Rw Xi + tw = (Rw N)
(
NT(Xi−X1)

)
+(tw +Rw X1)

= RX′i + t.
(4)

Hence, the new rotation matrix R and the translation t in the intermediate coordinate system
are given by

R= Rw N,

t = tw +Rw X1.
(5)

Finally, using Eqs. (2) and (5), we can rewrite the P3P problem in a simple form:

d1 m1 = t, (6)
d2 m2 = ar1 + t, (7)
d3 m3 = br1 + cr2 + t, (8)

where r1 and r2 denote the first and the second column of R, respectively.
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3.2 Finding distances
Subtracting Eq. (6) from Eq. (7), we can eliminate t and obtain the following equation with
respect to r1:

r1 =
1
a
(d2 m2−d1 m1)

=
1
a
Ad,

(9)

where A = [−m1, m2, 0] and d = [d1, d2, d3]
T. Similarly, subtracting Eq. (6) from Eq. (8)

and inserting Eq. (9) into that, we can also express r2 in a linear form:

r2 =
1
c
(d3 m3−d1 m1−br1)

=
1
c
(B− pA) d

=
1
c
Cd,

(10)

where p = b/a, B= [−m1, 0, m3], and C= B− pA.
Let us consider to build a system of equations with respect to the distance d by using the

orthogonality constrains of r1 and r2, i.e.

rT1 r2 = 0, (11)

rT1 r1− rT2 r2 = 0. (12)

Since the above Eqs. (11) and (12) have both a scale ambiguity, we then define two new
variables, x = d2/d1 and y = d3/d1, to reduce one of the unknown parameters. Replacing d
by λ = d/d1 = [1, x, y]T, we can rewrite Eqs. (11) and (12) by

rT1 r2 =
1
ac

dTATCd ∝ λ
T
(

pATA−ATB
)

λ , (13)

rT1 r1− rT2 r2 =
1
a2 dTATAd− 1

c2 dTCTCd ∝ λ
T
(
qATA−BTB

)
λ , (14)

where ∝ denotes equality up to scale and q = (b2 + c2)/a2. Expanding Eqs. (13) and (14),
we have two bivariate quadratic equations in x and y:

f (x,y) = f1 x2 + f2 xy + f4 x + f5 y + f6 = 0,
g(x,y) = g1 x2 + g3 y2 + g4 x + g5 y + g6 = 0,

(15)

where

f1 = p, f2 = mT
2 m3, f4 = (1−2p)(mT

1 m2), f5 = mT
1 m3, f6 = p−1,

g1 = q, g3 =−1, g4 =−2q(mT
1 m2), g5 = 2 f5, g6 = q−1.

(16)

Readers may refer to the Appendix for the details of Eqs. (13) – (16).
The coefficient of y2 in f (x, y) is zero, therefore, we can express y as a function of x in a

rational form:

y =− f1 x2 + f4 x+ f6

f2 x+ f5
. (17)
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Substituting Eq. (17) into g(x, y) leads to a univariate quartic equation in x:

h(x) = h1 x4 +h2 x3 +h3 x2 +h4 x+h5, (18)

where
h1 = f2

2 g1− f1
2,

h2 = f2
2 g4 +2 f2 f5 (g1− f1)−2 f1 f4,

h3 = f5
2 (g1−2 f1)+2 f2 f5 (g4− f4)−2 f1 f6 + f2

2 g6− f4
2,

h4 = f5
2 (g4−2 f4)+2 f2 f5 (g6− f6)−2 f4 f6,

h5 = f5
2 (g6−2 f6)− f6

2.

(19)

For finding roots of a quartic equation, we can employ a closed form solution, e.g. Fer-
rari’s method or Descartes’ method. As a result, up to four real roots for x are obtained
from Eq. (18). Then, substituting x into Eq. (17) yields a corresponding value of y for each
x. Optionally, we can perform root polishing by applying Newton’s method to increase nu-
merical accuracy of the roots obtained by the closed form solution. In this paper, we apply
only one Newton’s iteration on f (x,y) and g(x,y) in Eq. (15) for each pair of x and y. Extra
computational cost by the root polishing will be discussed in Sec. 4.3.

3.3 Recovering pose in world coordinate system
Once x and y are obtained, the camera pose are easily computed. First, based on the unit
vector constraint of the rotation matrix, i.e. ‖r1‖= ‖Ad/a‖= 1 , we recover the distance by
scaling

d =
1
s

λ , s =
1
a
‖Aλ‖ . (20)

Then, we obtain the first and the second columns of the rotation matrix, r1 and r2, by substi-
tuting d into Eqs. (9) and (10), respectively. The third column of the rotation matrix can be
computed as a cross product of r1 and r2. The translation t can be given from Eq. (6). Thus,
we have the rotation matrix R and the translation t in the intermediate coordinate system by

R= [r1, r2, r1× r2] ,

t = d1 m1.
(21)

Finally, by back-substituting R and t into Eq. (5), we can then recover the absolute camera
pose with respect to the world coordiate system by

Rw = RNT,

tw = t−Rw X1.
(22)

The entire procedure of the proposed solution is summarized in Algorithm 1.
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Algorithm 1 A simple direct P3P solver
Input: Xi: 3D points, mi: normalized 2D points (‖mi‖= 1)
Output: Rw: rotation matrix, tw: translation vector

1: compute N and X′i← NT(Xi−X1) . Eq.(3)
2: compute p, q, A, B, C . Eqs.(9) and (10)
3: compute coefficients of f (x,y), g(x,y), h(x) . Eqs.(16) and (19)
4: find roots of h(x)
5: for each x ∈ four roots do
6: y←−( f1 x2 + f4 x+ f6)/( f2 x+ f5)
7: apply Newton’s method on f (x, y) and g(x ,y)
8: λ ← [1,x,y]T

9: s←‖Aλ‖/a, d← λ/s
10: r1← Ad/a, r2← Cd/c
11: R← [r1, r2, r1× r2], t← d1 m1
12: Rw← RNT, tw← t−RX1
13: end

3.4 Difference from Banno’s method

Banno [2] also proposes a direct P3P method estimating a distance in the intermediate coor-
dinate system. Although the formulations by this paper and Banno are not same each other,
actually, they are mathematically equivalent.

The essential difference is just to choose which distance is assumed to be 1; d1 in this
paper1 and d3 in Banno’s method. This seems to be an insignificant matter, but it is not
true. Since the third column of A and the second column of B are both zero vectors, we can
reduce the number of terms in f (x,y) and g(x,y). For example, y2 in f (x,y) is eliminated
in our formulation, Eq. (15). On the other hand, as shown in Eq. (24) in the Appendix,
the coefficient of y2 is not zero if d3 = 1 is assumed. As a result, we can compute the
coefficients of h(x) by less numerical operations than Banno’s method. For example, h1
is given by f 2

2 g1 − f 2
1 in the proposed method as shown in Eq. (19), but f 2

4 g2
1 + f 2

1 g2
4 −

f2 f4g1g2 + f 2
2 g1g4 + · · · in Banno’s method (see Eq. (18) in [2]). This small difference

greatly affects their performance on accuracy and speed, which will be demonstrated by
experiments in Secs. 4.1 and 4.3, respectively.

4 Experiments

This section reports experimental results on synthetic data by comparing the proposed solu-
tion with the existing methods in terms of numerical stability, noise sensitivity, and compu-
tational efficiency.

We implemented our proposed P3P solver on MATLAB. For the existing methods, we
used a MATLAB code by Kneip [11]2, and faithfully ported C++ implementations to MAT-

1Choosing d2 results in the same conclusion.
2https://dl.dropboxusercontent.com/u/23966023/home_page_files/p3p_code_

final.zip

Citation
Citation
{Banno} 2018

Citation
Citation
{Banno} 2018

Citation
Citation
{Kneip, Scaramuzza, and Siegwart} 2011

https://dl.dropboxusercontent.com/u/23966023/home_page_files/p3p_code_final.zip
https://dl.dropboxusercontent.com/u/23966023/home_page_files/p3p_code_final.zip


NAKANO: SIMPLE DIRECT SOLUTION TO P3P PROBLEM 7

-15 -10 -5 0

Log10 Error

0

5

10

15

F
re

q
u

e
n

c
y
 [

%
]

Rotation

Gao

Kneip

Ke

Banno

Persson

Proposed

(a) Log10 error of rotation

-15 -10 -5 0

Log10 Error

0

5

10

15

F
re

q
u

e
n

c
y
 [

%
]

Translation

Gao

Kneip

Ke

Banno

Persson

Proposed

(b) Log10 error of translation

Figure 2: Histogram of numerical stability in a general configuration.
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Figure 3: Histogram of numerical stability in a degenerate configuration.

LAB for methods of Gao [6]3, Ke [10]3, Banno [2]4, and Persson [16]5. Those original code
except for Persson’s method use different root finding methods for solving quartic equations;
however, for a fair comparison, we employed the same solver, i.e. Ferrari’s method included
in Kneip’s code.

For synthetic data generation, the camera properties were set to be the same condition
as in Kneip [11]; Rw = diag([1,−1,−1]), tw = [0,0,6]T, focal length f = 800, and principal
point (uc,vc) = (320,240). Then, we calculated errors between the ground truth and esti-
mated values by measuring the norm of the difference of quaternions for rotation and the
relative difference for translation, respectively.

4.1 Numerical stability
We have tested the methods on two different configurations of a 3D point distribution to
analyze numerical stability. For the first scene, we generated 1000 of 3D points distributed
uniformly in the range of [−2,2]× [−2,2]× [−2,2]. Then, we randomly picked three points
among them. For the second scene, we assumed a numerically degenerate case for Kneip’s
method6, where three 3D points in the intermediate coordinate system were randomly gener-

3 solveP3P function, https://docs.opencv.org/4.1.0/d9/d0c/group__calib3d.html
4https://github.com/atsuhikobanno/p3p
5https://github.com/midjji/lambdatwist-p3p
6The denominator of cotα becomes zero. See Eq. (10) in [11].
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Figure 4: Mean pose estimation error with respect to various image noise.

ated so that x coordinates of the second and the third points, X′2 and X′3, have both the same
value, namely, a = b. In both scenes, selected 3D points were projected onto the image plane
without adding any noise.

Figures 2 and 3 show a histogram of numerical error distribution over 105 trials for the
first and the second scenes, respectively. In the first scene, Ke’s method gave the high-
est stability with the peak value at 10−15 error, followed by the proposed method, Kneip’s
method, and Persson’s method with the peak at 10−14 error. Although Ke’s method is the
most numerically accurate, the four methods are practically comparable because of the slight
differences in the last few digits. By contrast, the state-of-the-art methods failed to compute
true values in the second scene, where only the proposed and the classical Gao’s methods
can work with. We designed the second configuration mainly for Kneip’s method, but Fig. 3
implies that Ke’s, Banno’s, and Persson’s methods also have a similar numerical degeneracy
in their algorithms.

In the second configuration, the camera direction is perpendicular to the plane on which
Xi∈{1,2,3} lie under the experimental setting using Rw and tw. In other words, the z-axis of the
camera and the normal vector of the plane are parallel. This configuration is not a rare case in
practical situations, e.g. frontal observation of a square AR marker, which is known as one of
severe conditions for camera pose estimation that causes to numerical instability. From this,
we observed that the P3P problem still has an arguable issue on numerical stability regarding
a point distribution and a camera pose.

4.2 Noise sensitivity
In this experiment, we set the first point configuration used in the previous section, and added
zero-mean Gaussian noise onto projected image points. We evaluated the rotation and the
translation errors by varying standard deviation of the noise from 0.5 to 5 pixels.

Figure 4 shows the mean error of 104 independent trials for each noise level. Kneip’s
method appears to be slightly better than the other methods, however, the difference can be
negligibly small for practical use.

This result indicates that, whichever method is chosen, we can obtain almost similar
performance in practical situations except for numerically degenerate configurations.
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Table 1: Average computational time
over 105 trials.

Method Time [µsec]

Gao [6] 126.6
Kneip [11] 88.8
Ke [10] 72.1
Banno [2] 79.2
Persson [16] 51.6
Proposed 63.3

Table 2: Runtime profile of the proposed
method. Step: processing step. Line No.: line
numbers in Algorithm 1. Time: processing
time in microseconds. Rate: percentage of the
elapsed time for each step.

Step Line No. Time Rate

Preprocess 1–3 14.5 23%
Root finding 4, 6 9.5 15%
Root polishing 7 8.9 14%
Recover pose 8–12 30.4 48%

Total 63.3 100%

4.3 Computational efficiency

We measured computational time by performing 105 independent trials on a Core i9-7920X
PC. Table 1 shows the average value of the computational time for each method. The fastest
is Persson’s method that does not solve a quartic equation but a cubic equation. Among the
methods solving a quartic equation, the proposed method outperforms the others: faster than
Banno’s method by 20%, Ke’s method by 12%, Kneip’s method by 28%, and Gao’s method
by 50%.

Table 2 shows a runtime profile of the proposed method. The most time consuming part
is the final procedure for recovering the camera pose, which accounts for 48% of the total
elapsed time. Since the time consumption by root polishing is relatively small, whether to
perform root polishing is not a trade-off problem in our method.

5 Conclusion

In this paper, we have proposed a simple and efficient direct solution to the P3P problem
based on an algebraic approach. The proposed method is mathematically similar to Banno’s
method, and can be interpreted as an optimization of Banno’s method for reducing numer-
ical operations. The actual difference between the proposed method and Banno’s method
seems to be small. However, unless the simplicity of our mathematical derivation, we cannot
achieve the improvement on numerical accuracy and computational time as shown by the
synthetic data evaluation. Through the experiments, we reported an interesting result that
the state-of-the-art methods have a numerical degeneracy in their algorithm for a specific
point-camera configuration. This result implies that the P3P problem still has an open issue
on numerical stability.
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Appendix

Derivation of f (x,y):

rT1 r2 =
1
ac

dTATCd

=
1
ac

dTAT (B− pA)d

∝ λ
T
(

pATA−ATB
)

λ

(23)

f (x,y) = λ
T
(

pATA−ATB
)

λ

= [1,x,y]T

p

 1 −mT
1 m2 0

−mT
1 m2 1 0
0 0 0

−
 1 0 −mT

1 m3
−mT

1 m2 0 mT
2 m3

0 0 0

1
x
y


= [1,x,y]T

 p−1 −p(mT
1 m2) mT

1 m3
(1− p)(mT

1 m2) p −mT
2 m3

0 0 0

1
x
y


= px2 +(mT

2 m3)xy+(1−2p)(mT
1 m2)x+(mT

1 m3)y+ p−1

(24)

Derivation of g(x,y):
From Eq. (23), we use dTATCd = 0↔ dTBTAd = pdTATAd .

rT1 r1− rT2 r2 =
1
a2 dTATAd− 1

c2 dTCTCd

=
1
a2 dTATAd− 1

c2 dT (B− pA)T (B− pA)d

=
1
a2 dTATAd− 1

c2 dTBTBd+
p
c2 dTBTAd+

p
c2 dTATCd

=
1
a2 dTATAd− 1

c2 dTBTBd+
p2

c2 dTATAd

=
1
c2 dT

(
b2 + c2

a2 ATA−BTB

)
d

∝ λ
T
(
qATA−BTB

)
λ

(25)

g(x,y) = λ
T
(
qATA−BTB

)
λ

= [1,x,y]T

q

 1 −mT
1 m2 0

−mT
1 m2 1 0
0 0 0

−
 1 0 −mT

1 m3
0 0 0

−mT
1 m3 0 1

1
x
y


= [1,x,y]T

 q−1 −q(mT
1 m2) mT

1 m3
−q(mT

1 m2) q 0
mT

1 m3 0 −1

1
x
y


= qx2− y2−2q(mT

1 m2)x+2(mT
1 m3)y+q−1

(26)
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